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Abstract

We consider a heat-type operator £ structured on the left invariant
1-homogeneous vector fields which are generators of a Carnot group, mul-
tiplied by a uniformly positive matrix of bounded measurable coefficients
depending only on time. We prove that if Lu is smooth with respect to
the space variables, the same is true for u, with quantitative regularity
estimates in the scale of Sobolev spaces defined by right invariant vector
fields. Moreover, the solution and its space derivatives satisfy a 1/2-Holder
continuity estimate with respect to time. The result is proved both for
weak solutions and for distributional solutions, in a suitable sensd]].

Let G = (RY,0,D,) a Carnot group and let X1, ..., X, be the generators of
its Lie algebra, so that the canonical sublaplacian

>
=1

and the corresponding heat operator

q
S XP-0
=1

are hypoelliptic in RY and RN¥*! respectively (precise definitions will be given
in Section[I]). Let us now consider

L= zq: [£27] (t) Xin — 8,5 (01)

i,j=1
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where {a;; (f)};]j:l is a real symmetric matrix of bounded measurable coeffi-
cients, uniformly positive:

q

vIE <> ay (1) &8 <vt g (0.2)

i,7=1

for every £ € RY, ae. t € (0,T). We want to prove a regularity result for £ in
the space variables, that is, roughly speaking: if v € W2 ((0, T),L}, (RN))
is a weak solution to Lu = F, 4 (0,-) = 0 and F is smooth, with respect to the
space variables, in some domain (0,7T) x €, then the same is true for u, with
quantitative regularity estimates on u in terms of Lu. Also, we will prove that,
if ' is smooth w.r.t. the space variables, then u and every space derivative 95 u
are %—Hélder continuous with respect to t. See Theorems 2.14] and for the
precise statements. This kind of regularity is the best we can hope, even for a
uniformly parabolic operator

Lu=ur — a(t) gy

as soon as a is only L™ (see Example [ZT6]). The above regularity result can be
extended also to distributional solutions belonging to W2 ((0,T),D’ (RY))
(see Theorem for the precise statement). This can be seen as a kind of
Hormander’s theorem with respect to the space variables.
Results of this kind have been proved by Krylov [14], who considered oper-
ators
q
L=0-> L} +Lo
k=1
with
N
Ly = Zaik (t, ) O,
i=1
where the functions o (¢, z) are assumed to have z-derivatives of every order
uniformly bounded for z € RY and ¢ € (0,1), and the vector fields Lg, L1, ..., L,

for every fixed ¢ satisfy Hormander’s condition in RY. Now, every operator
([@I) can be rewritten as

q
—L=0,-)Y L}
k=1

with .
o™ (t,x) =Y myk (1) bji (z)
j=1
where
N
X] — Z bji (JJ) 6;31
i=1



and
a;; (t Z mak (t) mjg (t)

so that

Do (t,x) ijk t) DSbj; (x)

‘DO‘ ik (t,x) CVZ|DO‘ i (

Since the coeflicients bj; (x) of the generators on a Carnot group are polynomials,
the functions |D2bj; (x)| are not globally bounded on RY. Therefore, although
the class of operators that we consider is strictly contained in the class considered
by Krylov as to their structure, the assumption on o (¢, ) made in [14] is not
satisfied in our situation.

Actually, the technique employed in this paper is very different from that
n [I4]. In [14], following the classical approach introduced by Kohn [I3] and
Oletnik-Radkevi¢ [I7], pseudodifferential operators and Sobolev spaces of frac-
tional order are used. Here, instead, we adapt to the evolutionary case the tech-
nique introduced in [3] to give a proof of Hérmander’s theorem for sublaplacians
on Carnot groups. The main idea consists in measuring the regularity of solu-
tions of an equation Lu = f, where L is a left invariant operator, in terms of
Sobolev spaces induced by right invariant vector fields. Since a right invariant
and a left invariant operator always commute, this approach greatly simplifies
the proof of higher order estimates. We handle Sobolev norms with respect to
vector fields by means of equivalent norms defined in terms of finite difference
operators, in the directions of the vector fields Xi, ..., X,;. This feature of our
argument is reminiscent of the original proof of Hormander’s theorem given in
[12], although in the richer framework of Carnot groups the proof becomes much
simpler.

Let us now give some motivation for the present research and describe some
related literature. The regularity result proved in [14] has been applied by the
same Author in [I5] to prove an analogous result for stochastic PDEs, and in
[16], in the context of filtering problems. We refer to [15] for motivations to
prove this result without any continuity assumption on the coefficients with
respect to time.

Hyperbolic operators of the kind

n
Hu = uy — Z aij (1) gz,
i,j=1
with merely bounded measurable a;; have been studied by many authors, see
for instance [9], [8], [T1] and references therein. In particular, [I1] gives some

physical motivation to study this class of operators under no regularity condition
on a;; (t)



Operators of the kind

q
L= Z (227 (t, I) XZXJ - 815, (03)
i,j=1
satisfying (0.2) have been studied by several Authors, assuming the coefficients
a;i; (t,z) either Holder continuous or with vanishing mean oscillation, and prov-
ing a priori estimates and regularity results in the scale of Holder or Sobolev
spaces induced by the vector fields {X;}7 ; and the distance they induce. See
for instance [], [6], [7] and references therein. In [6], for the operator £ with
Holder continuous coefficients, a heat kernel has been constructed and shown
to satisfy sharp Gaussian estimates, which also imply a scale invariant Harnack
inequality.

The operators (0.I)) studied in the present paper can also be seen as model
operators to study the more general class (0.3]) with the coefficients satisfying
some moderate regularity assumtpion in x, but only L with respect to time,
an area of research that we plan to attack in the future.

1 Preliminaries about Carnot groups

Let us recall some standard definitions and results that will be useful in the
following. For the proofs of these facts the reader is referred to [10], [I, Chap.1].
A homogeneous group (in RY) is a Lie group (RN , O) (where the group operation
o will be thought as a “translation”) endowed with a one parameter family
{Dx} s, of group automorphisms (“dilations”) which act this way:

D)\ (1'171'2, ceey ,TN) = ()\al,fl, )\az,fg, ceey )\aN,TN) (11)

for suitable integers 1 = a1 < a2 < ... < ay. We will write G = (RY, 0, D)) to
denote this structure. The number

N
Q=2 o
i=1

will be called homogeneous dimension of G. A homogeneous norm on G is a
continuous function

[l : G = [0, +o0),
such that, for some constant ¢ > 0 and every z,y € G,

(i) |z]| =0<=2=0

(@) ||Dx(@)] = Allz]] VA >0
(i) [Ja]| < el

(i) zoyll <c(llzll + [lyll) -

We will always use the symbol ||-||, without any subscript, to denote a homoge-
neous norm in G. Examples of homogeneous norms are the following:
1
ol = max |al™
k=1,2,..,N



or

N 1/Q
Q
HN—(E]MM) :
k=1

It can be proved that any two homogeneous norms on G are equivalent.
We say that a smooth function f in G\ {0} is Dx-homogeneous of degree
B € R (or simply “B-homogeneous”) if

f(Dx(z))=MNf(x) VA>0,2€G\{0}.

Given any differential operator P with smooth coefficients on G, we say that
P is left invariant if for every z,y € G and every smooth function f

P(Lyf)(z) = Ly (Pf (),
where
Lyf(z)=f(yox).
Analogously one defines the notion of right invariant differential operator. Also,
P is said S-homogeneous (for some 5 € R) if

P (f(Dx(x))) = A7 (Pf) (Dx (x))

for every smooth function f, A > 0 and z € G.
A wector field is a first order differential operator

N
X = Zci (x) Oy, -
i=1
Let g be the Lie algebra of left invariant vector fields over G, where the Lie
bracket of two vector fields is defined as usual by

[X,Y]=XY - YX.

Let us denote by X7, Xs,..., Xy the canonical base of g, that is for i =
1,2,...., N, X, is the only left invariant vector field that agrees with 0., at the
origin. Also, X 1R, XQR, e, X ﬁ/ will denote the right invariant vectors fields that
agree with 9,,,0z,, ..., Oz (and hence with X7, Xo,..., Xn) at the origin.

We assume that for some integer ¢ < N the vector fields X, X»,..., X, are
1-homogeneous and the Lie algebra generated by them is g. If s is the maximum
length of commutators

[Xiw [Xi27 (L) I:Xis,laXiS}}] ; 'L] S {1,2, ,q}

required to span g, then we will say that g is a stratified Lie algebra of step
s, G is a Carnot group (or a stratified homogeneous group) and its genera-
tors X1, Xo, ..., X, satisfy Hormander’s condition at step s in G. Under these
assumptions, by Héormander’s theorem (see [12]), the canonical sublaplacian

L= zq:XE
i=1



is hypoelliptic in R¥, that is: for every domains ' C Q C R¥, whenever
u € D' (Q) solves in distributional sense the equation Lu = f in Q, then f €
C®(QY)=>uelC>® ().

Analogously, the corresponding heat operator

q
H=> X}-0
i=1

is hypoelliptic in RN+,
We will make use of the Sobolev spaces W)k(’p (G), W)k(’g (G) induced by the
systems of vector fields

X ={X1, Xo,..., X}, XP={Xx, X, ... . X[F},

respectively. More precisely, given an open subset € of RY, we say that f €
W2 (Q) if f € L2(Q) and there exist, in weak sense, X;f € L?(Q) for
j = 1,2,...,q. Inductively, we say that f € W§’2 (Q) for k = 2,3,...if f €
W)]z_l’2 (Q) and any weak derivative of order k — 1 of f, X;, X,... X, _, f, be-
longs to Wy (Q2). We set

k
||f||w)’€(’2(gz) = ||f||L2(Q) + Z Z ||Xj1Xj2"'thf||L2(Q) :
h=1j;=1,2,....q

The space W)k(lz (©) has a similar definition. We will also use local Sobolev
spaces. For example, we will say that f € W)k(’foc (Q) if for every ¢ € C§° (),
we have ¢f € I/V)k(’2 Q).

For homogeneity reasons, the generators X1, ..., X, satisfy the simple relation
X} = —X,; (where X* stands for the transposed operator of X). In other words,

|19 == [ xing (1.2)

whenever f € W)l{’? (G) and g € C} (G).

loc
The validity of Héormander’s condition at step s implies the following impor-

tant:

Proposition 1.1 (See [3, Prop. 2.1]) Under the above assumptions we have:
1.

A WE? (@) c 0= ().
k=1

2. For any positive integer k and any Q' € Q there exists a constant ¢ > 0
such that, for every u € Wi (Q) we have

||u||Wk,2(Q/) <c ||U||W§s,2(ﬂ) ,

where W2 (Q)') denotes the standard Sobolev space.



Let us point out a relation between left and right invariant operators which
will be very useful in the following.

Proposition 1.2 (see [3, Prop. 2.2]) Let L, R be any two differential oper-
ators on G with smooth coefficients, left and right invariant, respectively. Then
L and R commute:

LRf =RLSf

for any smooth function f.

For every given couple of measurable functions ¢,1 : G — R we define

px 1 (2) = /Gw(y)i/f(y_1 o) dy
whenever the integral makes sense. One can prove the following:

Proposition 1.3 For every couple of measurable functions f,v defined on G
such that the following convolutions are well defined, we have
i) if P is a left invariant differential operator then

P(f =) = f*Py, (1.3)

it) if P is a right invariant differential operator then

P(xf)=Pixf

whenever P exists at least in weak sense.

2 Subelliptic estimates for heat-type operators
with t-measurable coefficients

For a domain Q) C G, let
Qpr = (O,T) x Q.

We are going to define several function spaces on Gr = (0,7T) x G that we will
use in the following.

The definitions of the spaces L? ((0,T), X), W2 ((0,7), X), C°([0,7], X)
when X is a Banach space are standard. For instance, we will often use the
spaces

L? ((o, Ty, wk? (G))
(for k =1,2,3,...) normed with
k
||fHL2((o,T),W§~2(G)) =12 + z; Z{l } HXilXig---XiijLz(GT)
J=liy,...;i;e{l,....q

and the analogous spaces L? ((O, T), W)k(ﬁ (G))



We will say that u € L? ((0, T), W)k( ?OC (G)) when for every ¢ € C5° (G) we
have uC € L2 ((O,T) W (G)).

For a function f € L2 ((O,T),W)lf’2 (G)) we will also use the shorthand
notation

q
2 2
HVXfHL2(GT) = Z ||Xif||L2(GT) )
i=1
with the analogous meaning for ||VXRf||2L2(GT) .

Definition 2.1 We say that a function u belongs to L? ((O, T),C0 (ﬁ)) ifu e
L? ((O, T),C* (ﬁ)) for every k = 0,1,2, ... Explicitly, this implies that

/0T|u( )Hck( )dt< oo for every k=0,1,2,.
We say that a function u belongs to C° ([0,T],C* () ifu € C° ([0,T],C* (Q2)) for
every k=0,1,2, ...
Definition 2.2 We let:
H = L2 ((O,T) W22 (G)) W2 ((0,7), L2 (G))
= {u € L? (Gr) : uy, Xiu, X; Xju € L? (GT)} )

Note that H C C° ([0,T],L?(G)), so that for u € H and t € [0,T), u(t,-) is a
well defined element of L* (G).
We will also use

Ho = {ueW"?((0,T),L},.(G)) : Yo € C° (G) ug € H and (u¢) (0,-) =0} .

Proposition 2.3 Let L be as in (01l) and let (T2) be in force. Then for every
u € H such that u (0,-) = 0 we have

19 xul2(6) < &0 {1€0ll oy + Il o (2.1)
for a constant ¢, only depending on the ellipticity constant v in (03).
Proof. For u € H we have, recalling that X; = —X; (see (L2)):

// (ulw) dtda:—// (udyu) dtdx—// a” (t) XiXju | dtdx
Gr Gr Gr

:%/G</O 0 (u dt) d;v—zzl/ a; (t (/ uXinu)d:c) dt
2/( (T,2) - u* (0,2)) d:c—f—zl/ ai; (t (/ XuXu)d:c)d

(2.2)



Since

Z/ aij ( </ XuXudx) t>uZ/ / (X;u)? dedt

1
||VXU||L2(GT) H‘CUHLQ(GT ||“HL2 (Gr) + ||U( )HL?(G) : (2.3)

we have

In particular, for u vanishing on ¢t = 0 we get (D]]) |

In the following of this section we will recall and adapt several definitions
and arguments taken from [3]. The reader is referred to that paper for some
details.

Definition 2.4 (Finite difference operators) For every h € G and func-
tion f defined in G, let us define the operators:

Anf (x) = f(zoh)— f(x)
Anf (@)= f(how)—f(x).

Whenever the function f also depends on t, we will simply write
Apf(t,x) = Ap[f ()] (2)

and analogously for A f (t,x).

Definition 2.5 Form =1,2,3,4,..., let

™ — ApAp. A
———

m times
A = ApAy. Ay
————

m times

Then, for a > 0 and f € L? (Gr) we define the semi-norms

ARSIl
[l = SUP{W th=Exp(tX;) Vi=1,..,q,t€R:0< | <1

, |34

[/l = sup

| (TP

TR ch=Exp(tX;) Vi=1,.,¢tcR:0<|h]| <1

We also set for convenience

£l =1/l = 1/l 262

| |m_| |m,m



The relations between the above seminorms and Sobolev norms with respect
to vector fields are contained in the following two results, which can be derived
by [B, Thm. 3.11, Prop.3.13] simply integrating in ¢.

Proposition 2.6 For m = 1,2, ...there exists ¢ = ¢ (m,G) such that, for every
f € L*(Gr) we have:

1. If f € L2 ((O,T),W}?’Q (G)) then

m

Z |f|k sc HfHL2((Q7T)7W;(nY2(G)) (24)

k=0
Analogously,
2. If f e L? ((o,T),W;,;? (G)) then

m

R

k=0

Proposition 2.7 There exists C = C (G) such that for every f € L? (Gr) we
have:

1. If|f], < oo then f € L? ((O,T),W)l(’Q (G)), with
IVx fllz2@cry < Clfly-

2. If |f17 < oo then f € L? ((o,T),W;ﬁ, (G)), with
IV fll 26,y < CIIT

The following bound instead links the L2 ((o, Ty, Wk? (G)) norm with the
operators &h:

Proposition 2.8 Let Q be a bounded domain in G. There exists c = ¢(Q,G)
such that for every u € L? ((O,T) Wy (G)) with sprtu (t,-) C Q for every
t € (0,T) we have
|81
L?(Gr

(Recall that s is the step of the Lie algebra).

1/s
 <elin PNV xull gy -

Proof. It is enough to apply to u (¢, -) the computations made in [3, Prop.3.7,
Lemma 3.8] for functions in Wy (G) and then integrate on (0,7). m

If u € H, u(t,-) is supported in some bounded domain 2 for every ¢ € [0, T
and u (0,-) = 0, then by the previous Proposition and (1)) we get

|Bna],,o < e lbl* {120l aey) + Nullzage, }

2(Gr)
that is n
ulfts s < e {120l gy + lullao - (2.6)

10



Notation 2.9 Henceforth, we will write

G =<¢
if o, ¢ € C5° (G) such that 0 < o < ¢ <1 and ( =1 on sprt (.
We have the following analog of Theorem 3.15 in [3]:

Theorem 2.10 Let (p,¢ € C§° (G) with (o < (. For every m € N the exists
¢ =c(Co,¢,m,G,v) >0 such that if u € Ho then

m—1
R R
(Coulm e < € | D 1CLul +[ICully | (2.7)
j=0

whenever the right hand side is finite.

Proof. We can repeat the proof of Theorem 3.15 in [3] applying ([2.0) to the
function (pu € H, since u € Hop, and exploiting the identity

q

L (Gou) = (L£Co) u+ Go (Lu) +2 > a () XiGoX;u, (2.8)

ij=1

and the fact that the operators 0; and Eh commute, so that £ and Eh still
commute. ®

Also Proposition 3.16 in [3] (Marchaud inequality on Carnot groups) still
holds, with L2 (G) norms replaced with L? (Gr) norms, and this implies the
following analog of Corollary 3.17 in [3].

Corollary 2.11 Let u € H, u(0,-) = 0, and assume that for ¢ € (0,1) and

r 1s finite. Then

some integer m > 1 the seminorm |ul, .

R R
ol < e {lulfe e + Tullaop }
with ¢ = ¢ (G).
We are now in position to state the first step of our regularity estimate:

Proposition 2.12 Let {y, ¢ € C§° (G) with o < . There exists c = ¢ ({o,(, G, v) >
0 such that

if u€Ho and Lu€ L2 ((0,7), Wi 1, (G)) thenwe L2 ((0,7),Wi? .. (G))

and

1ol o7y 1300) < © (ncmnm((O,T),W;;(m) + |<u|L2(GT>> .29

11



Proof. Applying to (pu Corollary .11 and Theorem 210 with m = s + 1 and
e = 1/s we can write:

R R R
Coulf” < e {IGoult s 1o+ I6oull oy § < o | D ILulS + IICull 2y
j=0

From this inequality, by Propositions[2.7] and 2.6l we conclude the desired result.
]

To iterate this result to higher order derivatives, we first need a regularization
result allowing to apply (29) to functions u satisfying weaker assumptions.

Proposition 2.13 Let u€ W2 ((0,T),L} (G)),u(0,-) =0, be a weak solu-
tion to Lu=F € L* ((0,T),L},. (G)) in the following sense

/G —Owu (t, ) ¢ (x) + Z aij (1) XiX;o (x)u(t,x) p dx

i,7=1

= /GF (t,z) ¢ (x)dx for every ¢ € C3° (G) and a.e. t € (0,T). (2.10)

I[P F € L2 ((0,7), W32, (G)) thenw € L2 ((0.T), W2, (§)) and for ev-

ery ¢,¢1 € C§° (G) with ¢ < (1 the following estimate holds:
”CUHL2<(O,T),W;(’§(G)) < C{||<1F||L2 ((O,T),W;’é(@)) + ”CluHL?(GT)} (211)
with ¢ = ¢(¢o, ¢, G, v).

Proof. Let us define the e-mollified u. of u as follows. For ¢ € C§° (G) such
that
¢ >0, ¢(x)=0for ||z|| >1 and / ¢ (z)de =1,
G
define, for any € > 0,
be (x) = Q¢ (Do-1)

and
Ue (t,2) = (P x u) (t,x) = /ngs (y)u (t, y~to 3:) dy = /I}¢E (:1: ) zfl) u (t,2)dz.

Now the function u. is smooth with respect to x (as can be seen computing
XRu,), while
Ou, ou

TG

12



and, for any couple of domains K € K’ € G and ¢ small enough,

ot ot

’8u8 &)

L2(K) L2(K')

Ou,
ot

H ou
< ||l= .
20,20y I 9 llL2qo,m), L2 (50)

Here we have used Young’s inequality in the form

for K € K’, and ¢ small enough, since ¢, is compactly supported.
Also,

ue (0,2) = /G¢€ (y)u (O,y‘1 o ;v) dy =0,

hence u. € Hp and we can apply to u. the estimate proved in Proposition [2.12]

HCU‘EHL2 ((O,T),W;(‘IQ{ (G)) <c { ”Clﬁ (U‘E)”Lz ((OvT)>W;12% (G)) + ”CluEHLZ(GT)} :
(2.13)
We claim that
L (u;) = Fr. (2.14)

for a.e. t and a.e. x. This is not trivial since Lu just exists in the above weak
sense, hence we cannot simply write £ (u.) = (Lu).. However, for every ¢ €
Cs° (G), letting

L=—-0;+ A

with
q

Au(t,z) = > aij (t) X Xju (t, o)

i,j=1

we can write:

/Gﬁ (ue) (t,2) @ (x) do = /G =0 (ue) (t,x) ¢ (x) dx + /G ue (t,2) Ap (x) dzx

Next,

/G.Acp (2) (/q&a W) u(ty " ox) dy) du
~ [t ([ Ae@uea o)) ay
— [t ([Acwonrutaa)ay

13



/Gat (ue) (t,x) o (x) de = / (/ b= (y) Ou (t,y ' o) dy) o (z)dx
_ /(}¢€ () (/ By (t, 5~ o 2) o () d:v) dy
= [ ([outtorewods) ay

letting 1y (2) = ¢ (y 0 2)
/G £(u) () ¢ (2) da
= [oc ([ ~a 20, )+ 40, @u 1) dy

_/<(;,¢5 (/1/)y tzdz)dy
—/Gsbs(y) (/Gw(x)F(tvylox)dI> dy
:/Ggp(x) (/G@(y)F(t,y_lo:v)dy) d:vz/@go(:v)Fg(t,:v)d:v

and (2I4) follows. By known properties of the mollifiers, as ¢ — 0 we have
e *u — u in L? (RN) as soon as u € L? (RN). Also, for every left invariant
differential operator L we can write L (¢, * u) = ¢ * Lu as soon as Lu exists in
L? (RY) . Therefore

GL(u)=GF. — GF in W)k{’2 (G), for a.e. t (2.15)

as soon as F € L? ((0 T), WX Toc (G))

To prove convergence in L? ((0 T),Wy (G)) we make the following

XR loc
rough estimates:

||<1£ (us) - ClFHLz ((O,T),W;’;(G)) sc ||<1 (‘Cu)a - ClF”Lz((O,T),WSv?(G))

<clGF—GrF|,, ((O,T),W,Sf’?(cr})) . (2.16)

In the first inequality we have bounded the Sobolev norm W;i (on a compact
set containing the support of ¢;) with the Euclidean Sobolev norm on the same
domain; in the second one we have exploited Hormander’s condition.

We want to show that, for F' € L2 ((O, T), W)S;jic (G)),

||<1Fa — ClFHL2 ((O,T),ij’z((l})) — 0. (2.17)

14



Now:
”ClFE - <1F||iz((0,T),W;2’2(G))
T 9 T
= [IGR ) =GP gyt = [ gy

where by ([2I5]) we already know that
ge (t) = 0 for a.e.t € [0,T], as € — 0.

To apply Lebesgue theorem and conclude the desired result we need to bound
ge with an integrable function independent of €. Now:

||<1F€ (ta ) - <1F (ta ')HW)S:VQ(G) g ||<1FE (tv .)”W;Q’Z(G) + ||<1F (ta ')”W)S(Z’Z(G)
2 2 2
G Fe ()72 < IHFe (6 ) 2y < NF (& )72y € L (0,T)

where K € K’ € G and ¢ small enough (see (Z12))). By (L3)), we have X; (F;) =
(XiF)E; then

Xi(GFe) = (XiCr) Fe + G (XGF),,
1 (G P (D gy < € (1 (6 2oy + NOGE), () 2y )
< (IF (& M3eery + IXGF ()32 ) € LH(0,T),

and an interative reasoning allows to conclude ([ZI7) Recalling (2Z.I6]) and the
fact that

[Cruell p2ry = IC1ull oGy -
we conclude that the right hand side of (2I3) is bounded. Hence the se-
quence Cu, is bounded in L? ((O, T), W)l(,z? (G)), and there exists a subsequence

of (u. weakly converging in L? ((O,T),VV;(’E2 (G)) to some ¢ and in partic-

ular weakly converging in L% (Gr) to (u. This is enough to say that (u €
L? ((O, T), W)l(ﬁ (G)) Moreover,

||<u||L2 ((O,T),W;’E(G)) < lim inf ||<u5||L2 ((()171)1‘/[/)1(,122 (G))

{16 0 w3.0) * 10l
hence (2.I1)) holds. m

Theorem 2.14 (Regularity estimates in z) Letu € VV1 2 ((o, L. (G)),
u(0,-) =0, be a weak solution to Lu=F € L* ((0,T),L3, G)) in the sense of
(Z10) and let ¢,(1 € C§°(G),¢ < ¢1. Then for any k =1,2,3,..., there exists
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c=c(k,(,¢1,G,v) > 0 such that whenever (1 F € L? ((O,T) , W;JIQSZ*M (G))
then Cu € L? ((o, T), Wh? (G)) and

6t @ < {0 Pl oy i rcy) * Btlizen b 218)

Proof. We will prove (2ZI8) by induction on k. For k = 1 this is exactly
Proposition 2131 Assume that (2I8) holds up to an integer k and let u €

Ho such that Lu € L2 ((O,T) , W;C(JIQSZ’Q (G)) By the inductive assumption,

Cu € L? ((O,T) ) W)k(ﬁ (G)) Let X2 be a right invariant differential operator

with |I| < k, then (XPu € L?(Gr). We would like to apply Proposition
213 to XFu, but in order to do that we would need to know that Xu €
wh2((0,T),L%, (G)) with Xfu(0,-) = 0, which is unclear. Then, let u. be

loc

the mollified version of u as in the proof of Proposition 2.13] so that:

XE(u) (t, z) :/ (X[¢e) (zozM)ul(t,2)dz

G

which is a smooth function in z, and since X ﬁqﬁa is integrable (although its
L' (G) norm is not uniformly bounded with respect to ) we have
X[ (ue) € L2 ((0,T), L, ()

loc

(see Z12)) and since dyu € L? ((0,T), L}, (G)), the same is true for 8; X [* (u.),
which equals X7 (8;u).. Then

X7 (us) € WH2((0,7), Lii,. (G))

loc

which also implies

XIR (ue) (0,z) = / (XjRgbs) (33 o z_l) u(0,2)dz=0

G
since u (0,-) = 0 in L? (G). We claim that
L (XIR (“6)) = X7 (L (us)) = X7 (F)

at least in weak sense. Actually, noting that £ and X7 commute,
[ £ (T ) () ¢ @ do = [ X (£ (u0)) (ta) o (o) o
= [ £ () (XF0) (@) do
since Xfp € C5° (G) and L (u.) = F. for a.e. t and x (see (2.14))

— - [ Folto) (XF) ) do = [ XF(F) () o (o) o
G G

16



for a.e. t. Therefore we can apply Proposition 213 to X (u.) getting
HCXIR (us)HLz ((O,T),W;(’;(G))
< C{”ClXﬁ (FS)HLz(m,T),w;;(@)) |7 (UE)HL?(GT)}'
Noting that
||<1Xﬁ (UE)HL2(GT) g HClXﬁ (UE)HLQ((O,T),W;’;‘(G))

for some I’ with |I'| = |I| — 1, we can proceed iteratively getting, for some
different cutoff function (s > (1,

R R
([ (Ua)HLz((o,T),W;;(G)) < C{H@XI (Fa)HLz((o,T),W;;(G)) + HCQUEHLQ(GT)} :
(2.19)
From this bound, which is uniform with respect to ¢, reasoning like in the proof

of PropositionZI3 we read that, under the assumption XFF € L? ((O, T), W;;If (G)) ,
which is true as soon as F' € L2 (((),T),W)]C{J;SQ’2 (G)), we have the uniform

boundedness of
R
[®¥; (ua>||L2(<o,T>,w;;<G>) ’

which implies the weak convergence in L? ((O, T), W)l(,% (G)) of (a subsequence
of) ¢(XE (u.) to some g. In particular the convergence is in L? (Gr), which
implies that for every n € L? (0,T) and ¢ € C§° (G)

T T
/O 0 (1) /G ¢ () XP (u2) (t,2) 6 () dadt — / 0 (t) /G g (t,2) 6 () dudt.

Pick the cutoff function ¢ () = 1 on some bounded open set €2, then for every
¢ € C§° (2) we have

T T
/0 0 () /G X (u2) (t,2) 6 () ddt — / 0 () /@ 9(t,2) 6 (x) dadt.
On the other hand,
T

/ n(t)/Xﬁ(us)(t,x)gb(x)dxdt

0 G
T

=(—1)'I'/0 n(t)/Gug (t,x) XFo (x) drdt
T

N (_1)”/0 n(t)/@u(t,x)Xleb(x) dudt,

17



hence

T T
[0 [ stoo@ dmat= 0" [“n) [ uit) Xfo () dode
0 G 0 G
which implies, for a.e. ¢ and a.e. x € {2,
g(t,2) = Xfu(t,z)

in the sense of weak derivatives. This means that (X Fu € L? ((O, T), W)l@% (G))
and (XE (u.) — (X Fu weakly in L2 ((O, T), W)l(,z? (G)), which also implies, by
2.19),

L P = YT ST 3

So we are done. m

Next, we want to derive from the previous result the fact that, for F' smooth
enough, weak solutions to Lu = F' are actually strong solutions. Also, we want
to establish Holder continuity with respect to time of solutions (and their space
derivatives):
Theorem 2.15 Let u € W2 ((0,T), L%, (G)),u(0,-) =0, be a weak solution

loc

to Lu=F € L*((0,T),L},. (G)) in the sense of (ZI0).

loc

(i) For any k =0,1,2,3, ...

if P e L2 ((0.7),WyE,27 (6)) thenwe W' ((0,7), W2 (G)

and u is also a strong solution to Lu = F. In particular, for every multiindex
I with |I| < k we have

XfueC®([0,7],L7,. (G)) and Xfu(0,-) = 0.

loc

(ii) For every (cartesian) derivative 0 and (,(; € C§°(G),( < (1, there
exists ¢ = ¢(a,(,(1,G,v) > 0 and a positive integer h such that whenever

Fel? ((O,T),WM (G)) then

XZR loc

00w (ty, ) — 0%u (t1,
ap_oup K22 028) 9201
0<t1<t2<T z€G |t2 — t1|

< C{|ClF|L2((O,T),W;‘;(G)) + |<1u||L2(GT)}

and

o 1/2
supl¢ (2) 0510 (1) < eIt {16 F 0y ) + I0lsncer) b e € 0.7,

18



(111) In particular, if
GF e L? ((07 T) , O™ (G))

then
Cu € C°([0,T],C(G)) and Cu; € L* ((0,T),C> (G)).

Proof. Let ( € C§° (G) and u € W)2(SR2zoc (G). Inequalities

ICullz2 )y < cllCullwae) < cliCullwae e

show that

W)Q(Séz,loc (G) - WX (G)

loc
Let u € W2 ((0,T),L} . (G)),u(0,-) =0, be a weak solution to Lu = F €
((0 T),Wh? . (G)). By TheoremZId, if (, F € L? ((0 T), Wk 12 (G)),
then Cu € L? ((0 T), Wh? (G)). In particular, if A > 2s + s> — 1 then
u € L? ((O T), WX Toc (G)) and this implies that v is actually a strong solution
to the equation Lu = F', so that for a.e. t and a.e. x we have
q
—ue (t,m)+ Y ai; () XiXju(t,x) = F (t,2). (2.20)

i,7=1

This identity allows to transfer further z-regularity of both F' and w to u,: if,
for some k = 1,2,3, ..., we know that h > k4 25+ s? — 1, then by Theorem 2.14]

ue L2 ((O,T) s (G)) so that X;X;u € L? ((O,T) w2 (G)), hence

XE loc XE loc
by @20) u, € L2 ((o T),WhE .. (G)) and u € W2 ((O,T) WEZ . (G)).

This implies that for |I| <k, X{'u € C° ([0,T], L}, (G)). Moreover we can
write, for every ¢1,t2 € [0,7] and a.e. z € G,

to
u(te, ) —u(ty,z) = Opu (t,x) dt (2.21)
t1
ta
XEBu (ty, ) — XFu (ty,2) = O X Fu (t,x) dt. (2.22)
ty
Letting t; = 0 in (221 we get
to
u(ta,x) = Opu (t, x) dt,
0

an identity which can also be differentiated with respect to X, giving
u(te,x / XE 1O (t,x)
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which implies
XPu(0,-)=0.

This completes the proof of (i). Next, multiplying both sides of (Z22]) for
C € C§° (G) and taking L? (G)-norms we get, recalling that X commutes with

/c V2 [ X Fu (ty, 2) — XFu (b, 2)[* de

2

b q
§/C(:17)2 / —XPLu(t,z) + Z aij () Xi X; X Fu (t,x) p dt| do
G t ij=1

2
q

t
</C(:v)2 / | XPF(to)|+e Y | XiX;Xfu(t,z)| pdt | da
G t1

4,5=1

</g(:c)2|t2—t1 /\Xﬁth]dtJrcVZ/ XX, X Fu (¢, )| dt
G

1,5=1

q

= |t2 - t1| HCX;%FHiQ(GT) +cy Z HCXzXJXﬁuHiQ(GT)
i,j=1

By Theorem [2.14] this implies that

fG ‘XI tg, ) XI tg, ‘ dx
sup
0<ty <ty<T [ta — t1]

2
C{|C1F|L2((01T)7W;,§(G)) + ||C1U|L2(GT)}

for some h large enough and any cutoff function (; such that ¢ < {;. On the
other hand, letting

v(z) = u(ta,x) — u(t2, )

and noting that every cartesian derivative 0%v () can be bounded, uniformly
on a compact set of G by a suitable linear combination of X IR’U, we arrive to a
bound

1€ 107w (2, ) — 0w (b1, )]ll L2

|1/2

sup
0<t1 <t2<T |t2 -t

< {16P N oy i) * 16l |

for some integer h; > h. And since also the sup of |0%u (t2,) — 0%u (t1,-)]
can be bounded, by Sobolev embeddings, by suitable L2 norms of higher order

20
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derivatives, we also have a control

¢ (@) [07u (t2, ©) — Ogu (ty, 2)]|
|1/2

sup  sup
0<t1<t2<T z€G |t2 — 11

< eJIP s i) * 1ol

for some integer hy > hy. Also, since 9%u (0,x) = 0, this implies
o 1/2
supl¢ (2) 050 (1) < eIt {16 P10y i) + 10l |

This ends the proof of (ii). The previous result also shows that
ClF € L? (OvT) ) c= (G) = C’U, € OO ([Oa T] ) c> (G)) :

Then the equality
q

Uy = Z Qi (t) XlX]’U, - F

i,j=1
also implies that
Cut € L2 ((07 T) ) c (G)) .

]
We end this section with an easy example showing that the regularity prop-
erties of the solution cannot be improved for bounded measurable coefficients

A4 (t)
Example 2.16 Let us consider the uniformly parabolic operator
Lu=—ur+a(t)ugy

with a € L* (R), a(t) > v > 0. The function

u(t,z) = exp <_ /Ot a(r) dT) sinz

satisfies Lu = 0; u is smooth w.r.t. x and only Lipschitz continuous w.r.t. t.
Let

1
U(t,x) =tu(t,z) for some a € (5, 1> .
Then U solves the problem

LU=F forx e R,t>0
U0,2)=0

with F (t,z) = —at® 1w (t,z), so that, as soon as o> 1,

FeL?((0,1) xR).
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Moreover,
U (t,z) = at® tu(t,z) — t% () u (t,z) € L* ((0,T),C> (R))
Hence
UeW2((0,T7),C>® (R)) nC%* ([0,T],C (R)).

Since o > % can be chosen as close to 1/2 as we want, this shows that the reg-
ularity with respect to t expressed by Theorem cannot be improved. Also,
note that the Hélder continuity w.r.t. t cannot be improved to Lipschitz conti-
nuity just remaing far off t = 0: if we multiply the above U (t,z) for |t — to|”
we get a similar example exhibiting a a-Hélder continuity w.r.t. t near t = tg.

3 Regularization of distributional solutions

In this section we want to extend our smoothness result, established in Theorem
215 (iii) for functions in W2 ((0,T), L} (G)), to more general distributions.

loc
First of all, we need to make precise the distributional notions that we will use.

Definition 3.1 Let Q C G be an open set. We will say thatu € L? ((0,T),D’ (Q2))
if u € D' (Qr) and for every ¢ € D(Q) there exists a function hy € L? (0,T)
such that for every ¢ € D(0,T),

T
<Ua¢®¢>:/0 hg (t) 1 (t) dt.

In this case we will write, more transparently, he (t) = (u (t,-),¢) and

(u, 6 () (1)) = / (ut,) ) (1) dt

for every ¢ € D(Q) and ¢ € D(0,T) (and therefore also for every i €
L?(0,T)).

Analogously, we will say that u € W12 ((0,T),D'(Q)) if u € D' (Qr) with
both u and its distributional derivative Oyu belonging to L? ((0,T), D’ (£2)).

We will say that u is a distributional solution to Lu = F in Qp, with F €
L2((0,7),D' () if u e WH2((0,T),D' (Q)) and:

q

(=0 (t,), @)+ Y ai; (1) (XiXju(t,),d) = (F (t,-), )

ij=1
for every ¢ € D () and a.e. t € (0,T), or equivalently:

q

/0 (ot ), )+ S as (8) (u(t, ), XiXj0) b (1) de

4,j=1

Vo € D(Q),v € L*(0,T).
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The proof of a regularity result for distributional solutions usually begins
identifying the given distribution, locally, with some derivative of a continuous
function, in view of the classical result about the local structure of distribu-
tions. For distributions in the class L? ((0,7T),D’ (2)) we could not find in the
literature any reference for a similar result. So we will explicitly assume that
our distribution could be seen, on a fixed domain compactly contained in 2, as
a space derivative of a suitable function:

Definition 3.2 Let u € L?((0,T),D' (Q)) for some open set Q@ C G. We will
say that u satisfies the x-finite order assumption on ) if:
there exists a function h € L* ((0,T), L}, () and a multiindex o such that
0%h

that is

wo@o@r= [ (0" [ e 52 @ar) v i

Vo € D(Q), € L?(0,T).
If u e WH2((0,7),D' (), we will say that u satisfies the x-finite order
assumption on Q if (31) holds with h € W2 ((0,T), L}, ().

loc

Note that if u € W2 ((0,T),D’ (Q)) satisfies the z-finite order assumption
on (V, then h € C°([0,T],L},. (). In particular, saying that u(0,-) = 0
means that h (0,-) =0 a.e. in Q.

The aim of this section is to prove that:

Theorem 3.3 For some bounded domain Q C G, let u be a distributional solu-
tion to Lu = F in Qr with F € L? ((0,T),D' (2)). Assume that u satisfies the
x-finite order assumption (see Definition[3.2) and w (0,-) = 0 in Q. Then, for
every domain Q) € Q, if

FelL?((0,T),C>* (%)
then
ueC([0,7],C® (%)) andu, € L* ((0,T),C> (%))

In order to prove Theorem we will adapt the technique used in [3] §4]
for sublaplacians.
Let us consider the second order differential operator

£ =3 (X

j=1

built using the whole canonical base of right invariant vector fields. This is a
right-invariant (but no longer homogeneous) uniformly elliptic operator in G,
which at the origin coincides with the standard Laplacian. The fundamental
solution of the Laplacian can be proved to be a parametrix for £7:
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Proposition 3.4 (see [3, Prop. 4.2.]) Let V C G be a neighborhood of the
origin. There exist ¥ € C*° (G \ {0}) and w € C (G \ {0}), both supported in
V', satisfying

C

7 (2)| € —— (3.2)
2]
1007 (@) < —y=g i=1,2,..,N (3.3)

and such that in the sense of distributions
LBy = -6+ w.
(Here § is the Dirac mass as a distribution in RY ).

Let us now consider three open sets in G, Q' € Q7 € Q and let V be a
neighborhood of the origin such that V=1 o)’ C Q. Define ¥ as in Proposition
B4 with 5 supported in V. The convolution with 75 defines a regularizing
operator that acts on functions u € L}, (Gr) as follows. For every z € ' and
t € [0,T] we set

Tou(ta) = (Grult) @) = [Floy utmd.  (34)

The subscript V' in Ty recalls that the definition of the operator depends on the
choice of the neighborhood V' used to define 7.
Note that

Tv : L* ((0,T),L* (")) — L*((0,T), L" (€)) .

Namely, for z € ' and zoy~! € sprt, the point y = (3: o y*1)71 ox ranges
in V=1 o€ C Q" hence introducing characteristic functions,

xer (#) Tyu (t,) = /G Gxv) (o y™) u (ty) xar () dy,

or
xorTvu (t,-) =3xv *u(t,-) xor (3.5)

which by Young’s inequality gives, at least for a.e. ¢,

[Tyu(t, ')HLl(Q’) < |W||L1(v) [[u(t, ')HLl(Q”)

and hence

ITvullp20,7),01 ) < IV 1l 2o,y 0 ) -
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Also, Ty acts on distributions u € L?((0,T),D’ (Q2)) as follows. For every
p € D(Q) we set

<TVU (tv ) ) <P> - <u (tv ) 7T\>'/<<P> (36)
where

Ty (y) = /«ﬁ (zoy™") ¢ (x)da.

Observe that the assumption on V' implies that 77, is a test function in €'
Namely, for z € sprtp and z o y~! € sprt¥ the point y ranges in Q” € Q. The
function 77, is smooth, as one can see writing

Tx*}cp(y)=/¢j(2)<p(zoy)dw

and computing left invariant derivatives

Xﬂﬂwﬂw=éﬁ@ﬂ&@@omm.

Therefore the pairing (3.6]) is well defined. Also, from the previous identity we
easily read that if ¢, — 0in D (2) then Tir¢r — 0in D (). Hence Tyu (t,-) €
D' (). Moreover

T T
/I@w@)wwﬁ:/lww%ﬂwwﬁ<w
0 0

(just by definition of L2 ((0,T),D’ (£2))), so that
Ty : L* ((0,T),D' (Q)) — L*((0,T),D' ().

Next, we need to prove the regularizing properties of Ty,. The following
result is an adaptation of [3] Prop. 4.4.].

Proposition 3.5 (Regularizing properties of Ty) Let QY € Q" € Q. There
exists a neighborhood V' of the origin such that the operator Ty defined in (3.4)
has the following properties.

(1) Letw € D' ((0,T) x Q) such that u = a‘zc—aag, for some g € L* ((0,T), L. (2))

and multiindex . Then Tyu € L? ((0,T),D" (') and
Tyu= Y 04z in (0,7)x

1BI<]al—1
for suitable Ag € L* ((0,T), L. (€)).

(2) Let u € L?((0,T), LY () for some 1 < p <&, then
2

N

, 1 1
Tyue L? ((0,T),L" ()) for — > =
vue 17 ((0.7), 17 (@) for >
and

HTVU‘H[P((O,T%LP/(Q/)) Sc Hu||L2((0,T),LLPDC(Q)) :
(3) Let u e L* ((0,T), L, (%)) then Tyu € L? ((O,T) W2 (Q’)).

(4) Let uw e L? ((0,T),C> (R)), then Tyu € L? ((0,T),C> (%)) .
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Remark 3.6 Throughout the next proof, and also in other deductions in the
following, all the stated equalities of the kind A(t) = B (t) hold for a.e. t.
Rigorously speaking, we should write chains of equalities of the kind

T T
/ A@)y(t)dt = / B (t)vy (t)dt for every ¢ € D(0,T)
0 0

and then deduce that A (t) = B (t) a.e.

Proof. This proof is an adaptation of the proof of [3| Prop. 4.4].
(1) Let u = 9,02 g for some o/ with |o/| = |a| — 1. Then, for ¢ € C§° (')

Tvu )0 = (005 9 0), [ F(wor) o) dr)
= <3§‘Ig(t,y),/(g—8yi [F (zoy™)] gp(x)d$>.

We can write

=0y, [7 (o yil)} - i (Ok7) (zoy™") Oy, [0 yil] k

k=1

where by B3) hy (z) are locally integrable functions, smooth outside the pole,
and Zj, are polynomials (these polynomials also depend on the index i corre-
sponding to dy,, but for simplicity we suppress this unimportant index). Hence

<TVU (t7 ')790> = <6;/g (tvy)v/Gth (,T Oy_l) Zy, (%y)@(gc) dLL'>

k=1

, N
:<6§‘g(t,y),/@§ hk(w)Zk(woy,y)so(woy)dw>
k=1

since the function y — [, SO b (w) Z, (w0 y,y) ¢ (w o y) dw belongs to D ()

N

= <g (t9), [ S he () (~)l*1oy (Zi (woy,y) o (woy)] dw>
k=1

Now,

(0o (Zk (o) pwoy)l = S (D) (woy)ap (w,y)

1BI< ]|
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for suitable polynomials ag j, hence

N
<TVU(t,-),<ﬂ>—/Gg(t,y) /@th (w) > (DPe) (woy)agy (w,y)dw | dy
k=1

181<e|

N
_/Gg(t,y) /G;hk (:zroyfl) Z (Dﬁgp) (x) ag k (xoyil,y)dx dy

18I’
/ Z Z (/g(t,y)hk (ajoy_l) ag k (ajoy_l,y) dy> dzx
1B1<o| k=1 \C

Next, observe that

N
bs (t, ) =Z/Gg(t,y)hk (zoy ™ ask(zoy™ ' y)dy
k=1

belongs to L* ((0,T), L, (), since g € L ((0,T), L, () , i, € L* and is

compactly supported in V', ag j are polynomials: for every K € ' there exist
V and K’ such that K & K’ € €Y such that

N
/ |b5 (t,$)|d$§2/ / ‘g(t,’y)hk (:Zjoy_l) ag,k ($Oy_17y)|dydflf
K =1YKJG
<c [ lattwldy
K/

so that
T 2 T 2
|1 ol < [ ot g

Hence, letting
Ap (t,2) = (=) by (¢, 2)

we can write

(Tyu(t —/G Z Iﬂ\ Ag (t, ) ((?f(p) (x) dz

with Ag € L* ((0,T), Lj,, (Q’)), hence Tyu has the desired structure.
(2) Inequality

1Tvu ()l o oy < ellu(t )l poq) for ae. t€[0,T]
follows from (B3] and Young’s inequality since, by B2)), ¥ € L" (G) for 1 <
r < . Taking L*(0,7) norms we get (2).
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(3) We know that any derivative 9,,7 (i = 1,2,...,N) is integrable and
supported in V, hence each function X5 (i = 1,2, ..., N) is a linear combination
with polynomial coefficients of 1ntegrable functlons, compactly supported in V,
so that XF5 € L' (G). Also, for a.e. t € [0,T], uxar (t,-) € L% (G) hence by
Young’s inequality

xerTvu(t,-) =7 (u(t,-) xar) € L (G),

that is Tyu (t,-) € L? (), with

[Tvu(t, ')||L2(Q') < Al flu (@, ')||L2(Q“)

and
XQ’XiRTVu (t7 ) = (XZR:\YJ) * (U’XQ”) € L2 (G) )

that is X/*Tyu € L2 (€'). This holds for i = 1,2,..., N (not just for the first
q derivatives). Now, let us recall that the left invariant vector fields X; (i =
1,2,..., N) can be written as linear combinations with polynomial coefficients of
the right invariant vector fields X¥. Hence by the boundedness of ' we also
have

X Tyu(t,") € L* () fori=1,2,..,N
with

[XiTvu t, )l 2 (o) Cz X730 o Ml (8 )
in particular Ty u € L? ((0, T), Wy (Q’)) with
||TVU'||L2((07T>7W}1(’2(Q/)) < ||5||L1 HuHL?((O,T)XQ”)
N
+ CZ ||XJR;7HL1 ||u||L2((O,T)><Q”) .
(4). Let u € C*> (Q). From

Tvu(t,x)—/(gﬁ(xoy1)u(t,y)dy—/ﬁ(w)u(t,w1ox)dw

G

we read that for z € ' and any left invariant differential operator P we can
write

Plyu(t,x) = / ¥ (w) Pu (t,w™" o z) dw,
%
showing that PTyu (¢,-) € C* (Q'). Moreover,
<
max [PTvu(t,z)| < cmax [Pu (t, )]
so that, for every £k =0,1,2, ...

[Tyt )l erqy < llu(t)ller)
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and also
T 2 T 2

|l de < [l o
Hence Tyu € L? ((0,7),C>® (7)) . =
Corollary 3.7 Let ' € Q € G. For every distribution u E D' ((0,T) x Q)
such that uw = 9%g for some multindex o and g € L*((0,T),Li,, (Q)) there
exist a meighborhood of the origin V and an integer K such that (TV)K
12 ((0,7), W ().
The proof follows exactly that of [3| Corollary 4.5].

Proposition 3.8 Let Q' € Q and V small enough so that V o Q' @ Q. Then
for any distribution w € L? ((0,T),D’' () and every left invariant operator P
on G we have

PTyu = TyPu in L* ((0,T),D' () (3.7)

Also, if ue WH2((0,T),D’ () then
LTyu = TyLu in L* ((0,T),D' (V)) (3.8)
Remark 3.9 The previous proposition can be obviously iterated writing

PTEw = TEPu in L? ((0,T),D ())
LTEw=TE Lu in L2 ((0,T),D' ())

for any fixed positive integer K, provided V is chosen small enough to have

VoVo..oVoQ Q.
——_———

K times

Proof. Let u € L*((0,T),D’ (2)), then Tyu € L*((0,T),D’ (Q')) and for
every ¢ € D () we can write, denoting by P* the transpose operator of P and
recalling that P* is still left invariant,

(PTvu(t.) ) = T (). P76 = (u(en). [ 7 (0oy™) Pola)ar)
= <U(t,y),/(j(w)7’*<p(woy)dw>

—(ut). P [Fwpwor) )
~(Pultn). [ Fw)pwor)dw)

I
= <7>u(t,y) /Gv(:voyl)w(w)d:v>

= <TVPU (tv ) ) <P> :
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where the above equalities holds for a.e. t, as usual. This implies (B.7)).
To prove (B8) it is enough to show that

0Ty u = Ty Oyu for u € W2 ((0,T),D' (Q)) .

Actually, for every ¢ € D (0,T) and ¢ € D (') we have
T
| v @m0 it = @ruee )
T
— - vupoaw) = [ aw®) Tvult),)d
0

__/OTatw(t)<u(t,y),/(j(xoy—1)gp(x)dx>dt

= —(u, Ty p @ 0h) = (Oyu, Ty @ 1)
T
- /O P (t) <8tu (t,y), /Gﬁ (gc o y‘l) o (x) dw> dt

T
- / b (6) (Tydyu (1), ) dt.

Hence 0;Tyu = Ty Oyu. ®

Lemma 3.10 Let Q' € Q" € Q and u € L*((0,T),D’ (Q)) satisfying the z-
finite order assumption in 2. There exists V' small enough so that if

Tyu e L? ((Oa T) ) c (W))
then u € L? ((0, T), W)lfz (Q/))

Proof. For fixed )’ € Q and positive integer K to be chosen later, there exists
a neighborhood V of the origin such that

VoVo..oVo) Q.
~————

K times

Let
Qj=VoVo..oVoQ forj=12.,K
—_————

J times

Qp = .

so that Qi € Q. Let ¢ € C§° (), using the definition of Ty and Lemma 3.4
we obtain

LETyu(t,) = LEFxru(t,) =L xu(t,)
=(=0+w)*xu(t,))=—u(t,") +w*ul(t,-)
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We know that u = 0%g for some multindex o and g € L? ((0,T), L}, ().
Note that the kernel w satisfies the same properties of 74 in terms of support and
growth estimate. Then, arguing as in the proof of Proposition we see that

wxu(t,) = 2: D Ag (t,)

IBl<A-1

with Ag € L*((0,T), L}

loc

(Q)) so that

> DPAs— LATyuin L? ((0,T), D' (2k)),
|Bl<A-1

with L8Tyu € L?((0,T),C> (Qk)) since Tyu € L*((0,T),C> (Qx)) by
assumption. Actually, for every k=0,1,2,

HERTVU HC"(QK) CHTVU'( 7')HC’€+2(QK)

hence for every k£ =0,1, 2,

T T
L1 T o < [ 1T <
We can then start again with the identity
LETyu(t,) = —u(t,”) +wxult,)
where now we know in advance that

> DPAsin L7 ((0,T), D (Qk))
BI<A-1

(the smooth function £fTyu can be absorbed in this expression) with Ag €
L? ((O,T) L} (Q)) and, applying iteratively the above argument, in k; steps

loc

we eventually conclude u € L? ((0,T),L},. (Ux—k,)). Hence
LETyu=—u+wsuin L2((0,T),D (Qx_1,))

that is u coincides with w * u in L? ((0,7),D' (k_k,)), modulo the smooth
function £LBTyu.
Let us reason again like in the proof of Proposition 3.5t since by Proposition

- N-1
Bd we Ly (G) we see that u € L? ((O, T),L"" (QK_k1_1)>; then with ks
iterations of this argument we conclude that u € L? ((0,7), L* (Qx—,—1—k,))
and with one more iteration u € L2 ((O,T),W)l(’2 (QK,kl,l,kz,l)). Picking
finally K = k1 + ko 4+ 2 we get the desired assertion. m

Proof of Theorem 3.3l Fix Q' € Q" € Q" € Q. By Corollary 31
there exist a positive integer K and a neighborhood V' of the origin such that
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TEu € L? ((O,T),W)l(’2 (Q’”)). Applying Corollary B.7] also to dyu, and pos-
sibly choosing a larger integer K and a smaller neighborhood V', we can also

assume
TE O = 0,TEu € L2 ((o,T) WL (Q’”)) :

so that
TEuy e Wh? ((O,T) LW L? (Q”’)) .

Let now U C V a neighborhood of the origin such that

UoUo..oUoQ'" €.
~———————

2K times

Let

Q=UoUo..oUcQ"forj=1,2,..,2K
~——
7 times

QO = Q”;
so that Qo € Q. Clearly, it is still true that
Tiue L2 ((0,7), W ("))

(having replaced the operator Ty with Ty, based on a smaller neighborhood).
By Proposition and Remark we have

L(THu) = THEF in L2 ((0,T),D' (Qak)) .- (3.9)

Since, F € L? ((0,T),C> (Q)), by point (4) in Proposition 3.5 we have TX F €
L?((0,T),C> (Q2k)). By B3) then £ (TFu) € L?((0,T),C> (Q2x)) and,
since T u € W12 ((O, T), Wy? (QQK)), we can apply Theorem[2.I0to conclude
that T u € C° ([0,T],C* (Q2x—1)) and

Té(ut € L2 ((O,T) R c*> (QQK_l)) .

Applying LemmaBI0to u and 0;u we see that T/F ~'u € W2 ((0, T), VV;{’2 (QQK,Q)) )

Iterating this argument K times shows that u € Wh? ((O,T),W)l(’2 (Q”)).

Since F € L? ((O,T) ,C® (ﬁ)) we can apply again Theorem to conclude
ue CO([0,T],C () and uy € L2 ((0,T),C> (V)). =
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